Let L/F be a quadratic extension of totally real number fields. For any prime p unramified in L, we construct a p-adic L-function interpolating the central values of the twisted triple product L-functions attached to a p-nearly ordinary family of unitary cuspidal automorphic representations of Res L×F/F (GL 2 ). Furthermore, when L/Q is a real quadratic number field and p is a split prime, we prove a p-adic Gross-Zagier formula relating the value of the p-adic L-function outside the range of interpolation to the syntomic Abel-Jacobi image of generalized Hirzebruch-Zagier cycles. 
Introduction
This article is part of the program pioneered by Darmon and Rotger in [DR14] , [DR17] devoted to studying the p-adic variation of arithmetic invariants for automorphic representations on higher rank groups, with the aim of shedding some light on the relation between p-adic L-functions and the vectors. 
does not vanish. In other words, we can take (1) as an avatar of the central L-value and use it to construct the p-adic L-function.
Remark. The assumption on local ǫ-factors at the finite places of F can be satisfied by requiring the ideals N L/F (Q) · d L/F and N to be coprime and by asking all prime ideals dividing N to split in L/F .
We choose a rational prime p unramified in L, coprime to the levels Q, N, and Θ L/F an element in τ ∈I F {µ ∈ I L | µ |F = τ }. The fixed p-adic embedding ι p : Q ֒→ Q p allows us to associate to Θ L/F a set P of prime O L -ideals above p. Moreover, we suppose g and f to be p-nearly ordinary and we denote by G (resp. F) the Hida family with coefficients in I G (resp. I F ) passing through the nearly ordinary p-stabilization of g (resp. f).
Definition 1.2. The set of unbalanced crystalline points, denoted Σ f cry = Σ f cry (I G , I F ), is the subset of arithmetic points (P, Q) ∈ A(I G ) × A(I F ) of unbalanced weights, trivial characters and such that the specialization of the Hida families are old at p; that is, they are the p-stabilization of eigenforms of prime-to-p level: G P = g Q . In particular, we have a family of unitary automorphic representations {Π P,Q } (P,Q)∈Σ f cry of prime-to-p level.
We set K G = I G ⊗ Q (resp. K F = I F ⊗ Q) and we define a K G -adic cuspformG (resp. K F -adic cuspformF) passing through the nearly ordinary p-stabilization of the test vectors g,f as in [DR14] Section 2.6. Set
.6 ensure the existence of a meromorphic function L p (G,F ) ∈ R G ⊗ A F Frac(K F ) whose value at a point (P, Q) ∈ Σ f cry is
e n.o. ζ * d rg [P] P ,f * Theorem 1.3. Consider the partition Q inert Q split of the set of O F -prime ideals above p determined by the splitting behavior of the primes in the quadratic extension L/F . For all (P, Q) ∈ Σ f cry , the twisted triple product p-adic L-function L p (G,F ) ∈ R G ⊗ A F Frac(K F ) satisfies the equality
where the Euler factors appearing in the formula are defined in Lemmas 3.8 and 3.10, and r ∈ N[I L ] is the unique element, with r µ = 0 if µ / ∈ Θ L/F , that makes the weights of ζ * (δ rg P ) andf Q match.
1.0.2 A p-adic Gross-Zagier formula. The second part of the paper deals with the evaluation of the p-adic L-function outside the range of interpolation. From now on, we assume L/Q to be a real quadratic number field. For old balanced points (P, Q) ∈ Σ bal cry , the global sign of the functional equation of L(s, Π P,Q , r) is −1. This forces the vanishing of the central value, which one expects to be accounted for by the family of generalized Hirzebruch-Zagier cycles . Interestingly, the (twisted) triple product p-adic L-function is not forced to vanish on Σ bal cry and we can try to compute its values there. Let (ℓ, k) be a balanced triple such that either ℓ is not parallel or (ℓ, k) = (2t L , 2). Let A → Sh M (G * L ) be the universal abelian surface over the Shimura variety for G * L of level M and let E → Sh M (GL 2,Q ) be the universal elliptic curve over the modular curve of level M , both defined over some open subset of Spec(O E ), where E/Q is a large enough finite Galois extension. For all but finitely many primes p, let ℘ ⊳ O E be the prime above p induced by the fixed p-adic embedding ι p , and consider U ℓ−4 × O E,℘ W k−2 a smooth and proper compactification of A |ℓ|−4 ×E k−2 . The generalized Hirzebruch-Zagier cycle of weight (ℓ, k) is a De Rham null-homologous cycle
. Given a pair of eigenformsg P ∈ S ℓ,x (M, L; E) andf Q ∈ S k,w (M ; E) we can produce cohomology classes ω P and η Q , as in Definition 5.5, such that π * 1 ω P ∪ π * 2 η Q ∈ F |ℓ|−2−s H |ℓ|+k−3 dR U ℓ−4 × E℘ W k−2 where s = |ℓ|−k−2 2 Theorem 1.6. Let L/Q be a real quadratic field and (ℓ, k) a balanced triple. Let p be a prime splitting in L for which the generalized Hirzebruch-Zagier cycle ∆ ℓ,k is defined. Then for all (P, Q) ∈ Σ bal cry (ℓ, k) we have L p (G,F )(P, Q) = (−1) s s!E(f * Q )
Remark. The assumption on the splitting behaviour of p in L/Q should not be necessary. It could be dispensed with by showing the overconvergence of the p-adic cuspform d
P ) for µ ∈ I L . It seems resonable to believe that by generalizing the recent work of Andreatta and Iovita [AI17] one could prove such a result.
From our Theorem 1.6 and the impressive work of Liu [Liu16] , we can deduce a corollary in the spirit of the Block-Kato conjecture. Let A be an elliptic curve over L of conductor Q and E a rational elliptic curve of conductor N, both without complex multiplication over Q; let g A , f E be the cuspforms attached to them by modularity. For a rational prime p, if g A , f E are p-nearly ordinary we denote by G, F the Hida families passing through G P A = g A and F Q E = f E , respectively. Following [Liu16] we denote by (M A,E ) p the Galois representation AsV p (A)(−1)⊗ Qp V p (E) of the absolute Galois group of Q. Corollary 1.7. Suppose that N and N L/Q (Q) · d L/Q are coprime ideals and that all the primes dividing N split in L. For all but finitely many primes p that are split in L and such that g A , f E are p-nearly ordinary we have
Proof. The non-vanishing of the p-adic L-function implies the non-vanishing of the syntomic Abel-Jacobi image by Theorem 1.6, which in turn forces the non-vanishing of the p-adicétale Abel-Jacobi image of the Hirzebruch-Zagier cycle ([BDP13], Section 3.4). Finally, Liu's theorem ( [Liu16] , Theorem 1.5) gives the dimension of the Block-Kato Selmer group. Note that even though there is a difference between our definition of the HZ-cycle in weight (2t L , 2) and Liu's, both give the same value
While writing this paper we became aware that other people were working on similar projects: Ishikawa constructed twisted triple product p-adic L-functions over Q in his Ph.D. thesis [Ish17] , while Blanco and Sols were computing the syntomic Abel-Jacobi image of Hirzebruch-Zagier cycles in [BS17] .
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Automorphic forms

Adelic Hilbert modular forms
Let F/Q be a totally real number field and let I be the set of field embeddings of F into Q. We denote by G the algebraic group Res F/Q GL 2,F . We choose a square root i of −1 which allows us to define the Poincaré half-plane H, we consider the complex manifold H I which is endowed with a transitive action of G(R) + ∼ = I GL 2 (R) + and contains the point i = (i, . . . , i). For any K ⊳ G(A ∞ ) compact open subgroup we denote by M k,w (K; C) the space of holomorphic Hilbert modular forms of weight (k, w) ∈ Z[I] 2 and level K. It is defined as the space of functions f : G(A) → C that satisfy the following list of properties:
• for every finite adelic point x ∈ G(A ∞ ) the well-defined function f x :
-If the totally real field is just the field of rational numbers, F = Q, we need to impose the extra condition that for all finite adelic point x ∈ G(A ∞ ) the function |Im(z)
We denote by S k,w (K; C) the C-linear subspace of M k,w (K; C) of all the functions that satisfy the additional property:
• for all adelic points x ∈ G(A) and for all additive measures on F \A F we have
Remark. Fix (n, v) ∈ Z[I] 2 with n, v 0 and set k = n + 2t,
To have a non-trivial modular form we need to assume k − 2w = mt for some m ∈ Z.
Definition 2.1. We denote by G * the algebraic group Res F/Q GL 2,F × Res F /Q G m,F G m . By replacing G by G * in the previous definition, we define S * k,w (K; C) to be the space of automorphic forms for G * of weight (k, w) ∈ Z[I] 2 and level K, for any K ⊳ G * (Q) compact open subgroup.
A nice feature of these automorphic forms is that we do not need to require k − 2w to be parallel to have non-trivial forms and that for all couple of weights (k, w),
given by f(
Each irreducible automorphic representation π spanned by some form in S k,w (K; C) has non- is called the unitarization of π. Note that there is an isomorphism of function spaces (not of
Choose Haar measures d
is equal to 1 for all but finitely many v's. For any two cuspforms f 1 , f 2 ∈ S k,w (N, C) with k−2w = mt we define their Petersson inner product to be
. Let O F be the ring of integers of F and N one of its ideals. We are interested in the following compact open sugroups of G( Z):
One can decompose the ideles of F as
, the narrow class group of U (N). The ideles decomposition induces a decomposition of the adelic points of G
2.1.1 Adelic q-expansion. The Shimura variety Sh K (G), determined by G and a compact open K, is not compact, therefore there is a notion of q-expansion for Hilbert modular forms. Even more, Shimura found a way to package the q-expansions of each connected component of
such that dO F = d is the absolute different ideal of F . Let F Gal be the Galois closure of F in Q and write V for the ring of integers or a valuation ring of a finite extension F 0 of F Gal such that for every ideal a of O F , for all τ ∈ I, the ideal a τ V is principal. Choose a generator {q τ } ∈ V of q τ V for each prime ideal q of O F and by multiplicativity define {a v } ∈ V for each fractional ideal a of F and each v ∈ Z[I]. Given a Hilbert cuspform f ∈ S k,w (U (N); C), one can consider for every index i ∈ {1, . . . , h
Clearly, the function a p (−, f ) makes sense only if the coefficients a(ξ, f i ) ∈ Q are algebraic ∀ξ, i.
Theorem 2.2. ([Hid91] Theorem 1.1) Consider the map e F : C I −→ C × defined by e F (z) = exp 2πi τ ∈I z τ and the additive character of the ideles χ F : A/F −→ C × which satisfies χ F (x ∞ ) = e F (x ∞ ), then each cuspform f ∈ S k,w (U (N); C) has an adelic q-expansion of the form
where a(−, f) :
∞,+ and depends only on the coset y ∞ det U (N). Furthermore, by formally replacing e F (iξy ∞ )χ F (ξx) by q ξ and (ξy ∞ ) −v by (ξd p y p ) −v , we have the q-expansion
Nearly holomorphic cuspforms For any K ⊳ G(A ∞
compact open subgroup we denote by N k,w,m (K; C) the space of nearly holomorphic cuspforms of weight (k, w) ∈ Z[I] 2 and order less or equal to m ∈ N[I] with respect to K. It is the space of functions f : G(A) → C that satisfy the following list of properties:
for polynomials a(ξ, f x )(Y ) in the variables (Y τ ) τ ∈I of degree less than m τ in Y τ for each τ ∈ I and for L(x) a lattice of F .
As before f i stands for f t i and we consider adelic Fourier coefficients
∞,+ and zero otherwise. Then the adelic Fourier expansion of a nearly holomorphic cuspform f is given by
Moreover, there are Mass-Shimura differential operators for r ∈ N[I], k ∈ Z[I] defined as
They act on a nearly holomorphic cuspform f ∈ N k,w,m (K; C) via the expression a(y,
Suppose that Q ⊂ A, then Hida showed ([Hid91] Proposition 1.2) the differential operator δ r k maps N k,w,m (K; A) to N k+2r,w+r,m+r (K; A) and if k > 2m there is holomorphic projector Π hol : N k,w,m (K; A) −→ S k,w (K; A).
Hecke theory
Consider a compact open subgroup K ⊳ G(A ∞ ) of the finite adelic points of G that satisfies U (N) ⊂ K ⊂ U 0 (N). Suppose that V is the valuation ring corresponding to the fixed embedding ι p : F Gal ֒→ Q p , so that we may assume {y v } = 1 whenever the ideal yO F generated by y is prime to pO F . Let ̟ be a uniformizer of the completion O F,q of O F at a prime q and let m ∈ N be a positive integer. We are interested in Hecke operators defined by the following double cosets
If the prime q is coprime to the level, then the Hecke operator T 0 (̟) acting on modular forms is independent of the choice of the uniformizer ̟ and we simply denote it T 0 (q). For any finite adelic point z ∈ Z G (A ∞ ) of the center of G we define the diamond operator associated to it by f | z (x) = f(xz). For a prime ideal q such that GL 2 (O F,q ) ⊂ K, we write q for the operator ̟ , where ̟ is a uniformizer of O F,q . The action of the operators on adelic q-expansion is given by the following formulas. If q ∤ N one can compute
If q | N one can compute
The Hecke algebra h k,w (K; V) is defined to be the V-subalgebra of End C (S k,w (K; C)) generated by the Hecke operators T 0 (q)'s for primes outside the level q ∤ N, U 0 (̟ m )'s for primes dividing the level q | N, and T (a, b)'s for a, b ∈ O × F,N . For each V-algebra A contained in C one defines h k,w (K; A) = h k,w (K; V) ⊗ V A and denotes by S k,w (K; A) the set f ∈ S k,w (K; C) a(y, f) ∈ A ∀y ∈ A × F,+ . The objects just defined are very well-behaved. 
where (−) * denotes the A-linear dual Hom A (−, A).
A cuspform that is an eigenvector for all the Hecke operators is called an eigenform and it is normalized when a(1, f) = 1. Shimura proved ([Shi78] Proposition 2.2) that the eigenvalues for the Hecke operators are algebraic numbers, hence a normalized eigenform f ∈ S k,w (K; C) is an element of S k,w (K; Q) since the T 0 (y)-eigenvalue is a(y, f) for every idele y where T 0 (y) = {y −v }T (y) for T (y) as in (5).
Definition 2.4. Let p | p be a prime of O F coprime to the level K. A normalized eigenform f ∈ S k,w (K; Q) is nearly ordinary at p if the T 0 (p)-eigenvalue is a p-adic unit with respect to the specified embedding ι p : Q ֒→ Q p . If f is nearly ordinary at p for all p | p we say that f is p-nearly ordinary.
Definition 2.5. For every idele m ∈ A × F there is an operator V (m) on cuspforms of weight (k, w) defined by
Lemma 2.6. For all couple of weights (k, u), (k, u ′ ) ∈ Z[I] 2 we the equality
Let f ∈ S k,w (K, Q) be a normalized eigenform of level prime to p.
}ψ f (p) and we can write the Hecke polynomial for T 0 (p) as
If f is nearly ordinary at p, a(p, f) is a p-adic unit and we can assume that α 0,p is a p-adic unit too. The nearly ordinary p-stabilization of f is the cuspform f (p) = (1 − β 0,p [̟ p ])f that has the same Hecke eigenvalues of f away from p and whose U 0 (̟ p )-eigenvalue is α 0,p . For Q a finite set of prime O F -ideals, the Q-depletion of a cuspform f is the cuspform
F,Q and 0 otherwise.
Hida families
Fix a prime p and a valuation ring O in Q p finite flat over Z p containing ι p (V). We consider compact open subgroups that satisfy
on which the p-adic Hecke algebra
O F and then define
The Hecke operators defined by T(y) = lim ← T (y)y −v p play an important role in the theory. There is a p-adic norm on the space of p-adic cuspforms S k,w (K(p ∞ ); A) defined by |f| p = sup y {|a p (y, f)| p }; the resulting completed space is denoted by S k,w (K(p ∞ ); A) and it has a natural perfect O-pairing with the p-adic Hecke algebra ([Hid91] Theorem 3.1). Each element f ∈ S k,w (K(p ∞ ); A) induces a continuous function f : J −→ A, defined by y → a p (y, f), on the topological semigroup One can decompose the compact ring h(K; O) as a direct sum of algebras h(
and it is topologically nilpotent in h ss (K; O). Furthermore, the idempotent e n.o. of the nearly ordinary part h n.o. (K; O) has the familiar expression e n.o. = lim
o. S(K) be the space of nearly ordinary p-adic cuspforms. We consider the topological group
equipped with a continuous group homomorphism We want to motivate the definition of nearly ordinary I-adic cuspforms. For each pair of characters ψ : cl
and given a pair of characters (ψ, ψ ′ ) and elements n, v ∈ N[I] 2 , one can define the algebra
since the universal nearly ordinary Hecke algebra is finite over A, the image of F is contained in the integral closure I of A in a finite extension K of L. Let A(I) be the set of arithmetic points, i.e., the subset of Hom O−alg (I, Q p ) consisting of homomorphisms that coincide with P n,v,ψ,ψ ′ on A for some n, v 0 and characters ψ, ψ ′ . Then for all P ∈ A(I) the composite
Theorem 2.4). Therefore, the duality between Hecke algebra and cuspforms produces a unique p-adic cuspform f P ∈ S n.o. k,w (Np α ; Q p ) that satisfies a p (y, f P ) = F P (T(y)) for all integral ideles y. In other words, any nearly ordinary I-adic cuspform F ∈ S n.o. (K; I) gives rise to a family of cuspforms parametrized by A(I). Furthermore, if F is Hida family, each specialization f P is an eigenform and so classical i.e. an element of
is an eigenform for all Hecke operators such that its U 0 (p)-eigenvalue is a p-adic unit with respect to the fixed p-adic embedding ι p , then there exists a finite integrally closed extension I of A and a nearly ordinary I-adic cuspform of tame level N passing through f ([Hid89] Theorem 2.4).
Remark. A Hida family
. Indeed, the universal Hecke algebra is reduced being a projective limit of reduced algebras
, a product of finite field extensions of L indexed by the Hida families of tame level N.
Diagonal restriction
We modify some of the notations for distinguishing between spaces of Hilbert modular forms over different totally real number fields. For a totally real number field F we denote by S k,w (U (N), F ; C) the space of cuspforms over F of weight (k, w) ∈ Z[I F ] 2 and level U (N). We set t F = τ ∈I F τ and we denote by d F an idele that generates the absolute different of
is an extension of totally real fields, there is a restriction map
We name a i the fractional ideal of F generated by a i . Lemma 2.9. The diagonal restriction of a cuspform g ∈ S k,w (U (N), L; C) is a cuspform ζ * g ∈ S k |F ,w |F (U (N), F ; C) whose Fourier coefficients are given by the formula
for every η ∈ (a i ) + and every i = 1, . . . , h
⊂ a i and totally positive elements are mapped to totally positive elements by the trace map.
for the ideles y ξ = ξa
Proof. The proof is a direct computation.
Proposition 2.11. Let p be an unramified prime in L and for
Proof. Let y = ηa 
is represented by some a j so we can write a i ̟ ℘ = ̺a j ν for ̺ ∈ F × + , ν ∈ det U F (Np). On the one hand, we compute that
On the other hand, if η ∈ ℘O F we have y̟ −1
We claim that diamond operators and operators T (a, 1) for a ∈ O × F,p commute with diagonal restriction. Indeed, the claim is clear for diamond operators and following the proof of Proposition 2.11 with V (̟ ℘ ) replaced by T (a, 1) and by noticing that aO F = O F we see that for any cuspform g we have (ζ
Definition 2.12. Let L/F be an extension of totally real number fields unramified at p and let N be an O F -ideal prime to p. Assume that the valuation ring O contains all the completions of O F at primes above p. The diagonal restriction of cuspforms induces by duality an O-modules map between universal Hecke algebras
The image ζ(T(y)) is determined by the equality
If we endow A L with the natural A F -algebra structure, then one can check that ζ is also A Flinear using (6).
Differential operators
Therefore to conclude we use ([Hid91] Proposition 7.3) to get the equality e n.o.
3. Twisted triple product L-functions
their unitarizations, where n, m are the integers satisfying n · t L = ℓ − 2x, m · t F = k − 2w, and let g • , f • be the primitive forms associated to them. One can define a unitary representation of GL 2 (A L×F ) by Π = π u ⊗ σ u . Let ρ : Γ F → S 3 be the homomorphism mapping the absolute Galois group of F to the symmetric group over 3 elements associated with theétale cubic algebra 
where Π v is the local representation at the place v of F appearing in the restricted tensor product decomposition Π = ′ v Π v and representation r gives the action of the L-group of G L×F on C 2 ⊗ C 2 ⊗ C 2 which restricts to the natural 8-dimensional representation of G and for which Γ F acts via ρ permuting the vectors.
The complex L-function L(s, Π, r) was studied in ([PSR87] Theorem 5.1 , 5.2 , 5.3), where it was proved it has meromorphic continuation to C with possible poles at 0, 
The functional equation has 1 2 as central point at which the L-function is holomorphic. The Euler factors at the unramified primes can be easily described. Suppose v is a prime of F unramified in L for which Π v is an unramified principal series, that
We distinguish the two following cases.
Split case. Suppose that v = V · V splits in L, write ̟ v for a uniformizer of F v and q v for the size of its residue field. The representation Π v of GL 2 (F v ) ×3 can be written as Π v = π(χ 1,V , χ 2,V )⊗π(χ 1,V , χ 2,V )⊗π(ψ 1,v , ψ 2,v ) using normalized parabolic induction. One can attach to Π v a conjugacy class C v in the L-group of G L×F via the Satake isomorphism
Then the local L-factor is given by the formula L v (s, Π v , r) = det(I 8 − r(C v )q −s v ), which can be compute to be equal to
The value of the representation r on this conjugacy class is
and the local L-factor can be computed to be equal to
where
Remark. The relation between Satake parameters of π u , σ u and Hecke eigenvalues of the primitive eigenforms g • , f • can be given explicitly as follows.
Finally, if v ∤ N a finite place of F we have
3.2 Central L-values and period integrals Let D /F be a quaternion algebra. We denote be Π D the irreducible unitary cuspidal automorphic representation of D × (A E ) associated with Π by the Jacquet-Langlands correpondence. For a vector φ ∈ Π D one defines its period integral as
To simplify the notation we write I(φ) to denote the period integral for the quaternion algebra M 2 (F ). 
Moreover, we can assume the vector φ is defined over a Galois number field E containing L, F as well as the Hecke eigenvalues of g • and f • .
Proof.
(1) =⇒ (2) By Jacquet conjecture, as proved in ([PSP08] Theorem 1.1), the nonvanishing of the central value implies that there exists a quaternion algebra D/F and a vector φ ∈ Π D such that its period integral is non-zero, i.e., I D (φ) = 0. We want to show that the assumption on local ǫ-factors forces the quaternion algebra to be split everywhere. Ichino's formula ([Ich08] Theorem 1.1) gives an equality, up to non-zero constants, Remark. We can give sufficient conditions on the eigenforms g ∈ S ℓ,x (Q, L; Q) and f ∈ S k,w (N, F ; Q) such that the local ǫ-factors of the automorphic representation Π satisfy the hypothesis of Theorem 3.2. The local ǫ-factor at the archimedean places of F satisfy the hypothesis of the theorem if the weights of g and f are unbalanced. Moreover, the same is true for the ǫ-factors at the finite places if we assume that N L/F (Q)·d L/F and N are coprime and that every finite prime v dividing the level N of f splits in L ([Pra92] Theorems B, D and Remark 4.1.1).
p-adic L-functions
Let L/F be a quadratic extension of totally real number fields and let g ∈ S ℓ,x (Q, L; Q), f ∈ S k,w (N, F ; Q) be primitive eigenforms of unbalanced weights. We assume the central character ω Π of Π to be trivial when restricted to A 
for any h ∈ σ u we define h J ∈ σ u to be the vector obtained by right translation h J (g) = h(gJ).
If h has weight k ∈ Z[I F ] then h J (h) has weight −k.
Lemma 3.3. Let r ∈ N[I L ] be such that k = (ℓ + 2r) |F and w = (x + r) |F . Then the test vector φ can be chosen to be of the form
with the same Hecke eigenvalues of g and f respectively.
Proof. By linearity of the period integral we can assume φ to be a simple tensor of the form φ = δ r ϑ ⊗ ν J ∈ Π. Indeed, we can choose the holomorphic lowest weight vectors for ϑ and ν at the archimedean places because the archimedean linear functional appearing in Ichino's formula is non-zero if and only if the sum of the weights of the local vectors is zero. We claim that for every finite place v of Lv . The projective line P 1 Lv can be decomposed into an open and a closed orbit for the action of GL 2 (F v ),
Fv ) is isomorphic to the contragradient representation (σ u ) v then we are done. Otherwise, we assume that the image of the newvector 1 P 1 Lv is zero under the local linear functional Υ : V χ → (σ u ) v appearing in Ichino's formula and we find a contradiction. Let T v be the Hecke operator given by the double coset
is the constant function 1 on the GL 2 (O Fv )-orbit of P 1 Lv consisting of those points that reduce to a point in
, and the constant function zero everywhere else. Therefore, the function (13) is an element of ind
(χ ′ ) because of the short exact sequence (12). The contraddiction is that the function (13) is sent to zero by Υ by GL 2 (F v )-equivariance, but at the same time that is not possible because we can explicitly describe the elements of
Lv . To conclude we note that spherical vectors are mapped to spherical vectors by the isomorphism π ⊗ σ ∼ → π u ⊗ σ u as in (3). Therefore we can write φ = δ r ϑ ⊗ ν J as (δ rg ) u ⊗ (f J ) u , for g ∈ π and f ∈ σ as claimed.
Therefore we can rewrite the period integral I(φ) as a Petersson inner product
wheref * = fJ is the cuspform in S k,w (M, F ; E) whose Fourier coefficients are complex conjugates of those off. We conclude the section with a proposition showing that a good trascendental period for the central L-value of the twisted triple product L-function is the Petersson norm of the eigenform f * .
Proposition 3.4. Let E be a number field and letf ∈ S k,w (M ; E) be a vector in an irreducible cuspidal automorphic representation σ spanned by a primitive cuspform f ∈ S k,w (N; E). Then for any φ ∈ S k,w (M ; E) the Petersson inner product φ,f is a E-rational multiple of f, f .
Proof. The Petersson inner product f , φ depends only on the projection e f φ of φ to σ. The E-vector space e f S k,w (M ; E) is spanned by the cuspforms
for all ideals a dividing M/N ([Shi78] Proposition 2.3). Thus, it suffices to prove the statement for f a 1 and f a 2 when a 1 , a 2 | M/N. We prove the claim by induction on the prime divisors of a 1 , a 2 . If a 1 a 2 = O F then the claim is clear. Suppose there is a prime ideal p that divides both a 1 and a 2 , then f a 1 , f a 2 = f a 1 /p , f a 2 /p because the Haar measure is invariant under translation. Thus, without loss of generality, we can assume p divides a 2 but not a 1 . We compute the equalities
concluding the inductive step.
3.3.1 Construction. We choose a rational prime p unramified in L, coprime to the levels Q, N, and Θ L/F an element in τ ∈I F {µ ∈ I L | µ |F = τ }. The fixed p-adic embedding ι p : Q ֒→ Q p allows us to associate to Θ L/F a set P of prime O L -ideals above p. Moreover, we suppose g and f to be p-nearly ordinary and we denote by G (resp. F) the Hida family with coefficients in I G (resp. I F ) passing through the nearly ordinary p-stabilization of g (resp. f).
We set K G = I G ⊗ Q (resp. K F = I F ⊗ Q) and we define a K G -adic cuspformG (resp. K Fadic cuspformF) passing through the nearly ordinary p-stabilization of the test vectorsg,f as in a −1 , 1) ). The nearly ordinary R G -adic cuspform e n.o. ζ * d
•
/ / R G .
Definition 3.5. For a Hida family F ∈ S n.o. (N; I F ), we define the set of crystalline points Σ cry (I F ) to be the subset of arithmetic points Q ∈ A(I F ) of trivial characters and such that the specialization of the Hida family is old at p, i.e.,
Q for some eigenform f Q of prime-to-p level.
For any A F -algebra R and R-adic cuspform H ∈ S n.o. (M ; R), there exists an element
where h
Q -isotypic projection of the cuspform H P . The projection is the pstabilization of a cuspform h P,Q .
Proof. We follow the same argument of [DR14] Lemma 2.19. BothF and the F-isotypic projection e F H are R ⊗ A F K F -linear combinations of the K F -adic cuspforms F a for a | M/N; hence, the element J(H,F ) exists because we can interpolate expressions of the form
for Q ∈ Σ cry (I F ) because of the explicit computations in the proof of Proposition 3.4 and the fact that M is prime to p. 
The twisted triple product p-adic L-function takes values
at all (P, Q) ∈ Σ f cry , where r ∈ Z[I L ] is the unique element, with r µ = 0 if µ / ∈ Θ L/F , that makes the weights of e n.o. ζ * (d rg [P] P ) andf * Q match. The second equality of (16) follows from Lemma 3.9 which shows that e n.o.
More explicitly, if we set E(f
that allows to rewrite the values of the p-adic L-function at every (P, Q) ∈ Σ f cry as
Interpolation formulas
The interpolation formulas satisfied by the twisted triple product p-adic L-function include Euler factors that depend on whether the primes in P are above a prime of F that is split or inert in the extension L/F . We denote by Q the set of primes of F above p and we partition it, Q = Q inert Q split , accordingly to the splitting behavior in L/F . For every prime O F -ideal ℘ ∈ Q we denote by q ℘ the cardinality of its residue field.
Inert case. For a prime ideal p ∈ P with ℘ = p ∩ O F ∈ Q inert , we write p = ℘O L .
Lemma 3.8. Let N be an O F -ideal coprime to p, and
be an eigenvector for the Hecke operator T (p) and let f ∈ S k,w (N, F ; E) be a p-nearly ordinary eigenform. If we denote by e f,n.o. = e f e n.o. the composition of the f-isotypic projection with the nearly ordinary projector, we have
p β g are the inverses of the roots of the Hecke polynomial 1 − a(p, g)X + N L/Q (p)ψ g,0 (p)X 2 of g with respect to T 0 (p) and α f is determined by (e n.o. f) |U (̟℘) = α f · e n.o. f.
β . Using Proposition 2.11, we compute
• ).
Noting that the p-depletions of the p-stabilizations are equal, (g
, we deduce the claim:
Split case. For a prime ideal p ∈ P with ℘ = p ∩ O F ∈ Q split , we write ℘O L = p 1 p 2 .
Lemma 3.9. Let N be O F -ideal and g ∈ S ℓ,x (Np, L; E) a cuspform. If i = j then
Proof. By definition, the Fourier coeffient a p (y, (
where (b −1 j ν) p is a unit under our assumptions, we can rephrase the conditions on y for which
We claim that for all
and the trace tr L/F (ξ) = ξ + ξ σ is both a p i and a p j -unit.
Lemma 3.10. Let N be an O F -ideal coprime to p, and
be an eigenvector for the Hecke operators T (p 1 ), T (p 2 ) and let f ∈ S k,w (N, F ; E) be a p-nearly ordinary eigenform. If we denote by e f,n.o. = e f e n.o. the composition of the f-isotypic projection with the nearly ordinary projector, we have
pι β ι the inverses of the roots of the Hecke polynomial 1−a(
. Using Lemma 3.9 we compute
Recall that g (p i )
• is an eigenform for the operator T (p j ) of eigenvalue ̟ v j a(p j , g) = α j + β j and such that N L/Q (p j )ψ g (p j ) = α j β j , then the chain of identities in (18) continues as:
Finally, noting that g
, we can put together the previous identities to prove the claim
Interpolation formulas.
Proof. We use (17) for the value of the p-adic L-function at a point (P, Q) ∈ Σ f cry , and Lemmas 3.8, 3.10 give us
We conclude the proof applying Lemma 2.13 to compare p-adic and real analitic differential operators on cuspforms:
Remark. Recall that for every (P, Q) ∈ Σ f cry there is a unitary automorphic representation Π P,Q of prime-to-p level. The Euler factors in Theorem 3.11 also appear the expression for the local L-factor L p ( 1 2 , Π P,Q , r). Indeed, if ℘ ∈ Q inert by using (11), (10) we compute
Similarly if ℘ ∈ Q split by using (11), (9) get
Geometric theory 4.1 Geometric Hilbert modular forms
Let F be a totally real number field and G = Res L/Q (GL 2,F ). For any open compact subgroup K ⊂ G(A ∞ ) we consider the Shimura variety
The complex manifold Sh K (G)(C) has a canonical structure of quasi-projective variety over its reflex field Q ([Mil90] Chapter II, Theorem 5.5). Let ω be the tautological quotient bundle on P 1 C , ω = {(x, z) ∈ P 1 C × C 2 |z ∈ x}, with p 1 : ω → P 1 C the projection on the first component. The group GL 2 (C) acts on P 1 C via Moebius transformations and there is a natural way to define a GL 2 (C)-action on ω such that the projection p 1 is equivariant. For any weight (k, w) ∈ Z[I] 2 such that k − 2w = mt, one can define a line bundle
on (P 1 C ) I with G(C)-action given as follows. For each τ ∈ I, the action of G(C) on pr * τ ω ⊗kτ ⊗ det ω (k,w) ). To consider cuspforms and treat the case F = Q, one has to consider compactifications of the Shimura variety Sh K (G) Q , which we discuss in Section 4.2.
4.1.1 Integral models Fix p a rational prime unramified in F and consider a level structure of type
The determinant map det : G → Res F/Q (G m ) induces a bijection between the set of geometric connected components of Sh K (G) and cl + F (K), the strict class group of K, cl
F to the strict ideal class group of F , which one uses to label the geometric components of the Shimura variety Twisted triple product p-adic L-functions and Hirzebruch-Zagier cycles Fix fractional ideals c 1 , . . . , c h + F , coprime to p, forming a set of representatives of cl + F . Then by strong approximation there is a decomposition
where each Sh 
Proposition 4.1. There is an isomorphism between the quotient of Definition 4.2. Let p be a rational prime unramified in F and
Note that the assumptions on the level K in the definition are always satisfied up to replacing K p by an open compact subgroup ([TX16] Lemma 2.5). Moreover, by Proposition 4.1, the scheme Sh K (G) is smooth quasi-projective over Z (p) and has an abelian scheme with real multiplication over it.
K is the integral model of the Shimura variety for the algebraic group G * [Rap78] . We denote it Sh K (G * ) and we let ξ : Sh K (G * ) → Sh K (G) be the natural morphism.
4.1.2 Diagonal morphism. Let L/F be an extension of totally real fields with [F : Q] = g. Consider the map of algebraic groups ζ : G F −→ G L define by the natural inclusion ζ(B) :
hence for every fractional ideal c of F there is an induced map ζ : Sh 
L/F and realize that if λ : (c, c + )
, by tensoring such an isomorphism with O L over O F we obtain a principal N-level structure on A ′ .
Remark. For any fractional ideal c of F there is a commutative diagram
M cd −1 F K ′ ,Fζ / / M cd −1 L K,L Sh c K ′ (G F ) ζ / / Sh c K (G L ) , implying Sh K ′ (GL 2,Q ) ζ & & ζ / / M d −1 L K,L ξ Sh K (G L ) when F = Q.
Compactifications and p-adic theory
Sometimes we drop part of the decorations from the symbols denoting Shimura varieties when we believe it does not cause confusion, both to symplify the notation and to state facts that hold for both groups G and G * . We denote by Sh relative simple normal crossing Cartier divisor. The Hilbert-Blumenthal abelian scheme A over Sh K extends to a semi-abelian scheme A sa → Sh is the cotangent space at the origin of the universal semi-abelian scheme, the vector bundle H 1 has an O F -equivariant Hodge filtration
. Then the τ -component of the Hodge filtration is
For a weight (k, w) ∈ Z[I] 2 with k − 2w = mt, we define the integral model of the line bundle (19) by
as a sheaf over Sh tor K,R (G). The geometric interpretation of modular forms for general totally real number field F and of cuspforms is achieved by 
It provides a geometric incarnation of automorphic forms on
For any cohomological weight we define the vector bundle
2t F and t + u k. For any cohomological weight we define the vector bundle
The extended Gauss-Manin connection on H 1 induces by functoriality integrable connections ∇ :
(log D) out of which one can form the complexes
Im(Θ 1 )+Im(Θ 2 ) because they are annihilated by the invertible operator U 0 (p 1 ). Consider the Hecke-equivariant projections pr i :
We immediately see that pr 2 (f
α 2 ) = 0 because of the lower bound (21) on the slopes of U 0 (p 2 ), therefore
. Indeed, the equality of Hecke operators T 0 (p 2 ) = U 0 (p 2 )+α 0,2 β 0,2 [p 2 ] allows us to compute that Let F be a totally real number field of degree g over Q and let E be any field containing F Gal . The Shimura variety Sh K (G * ) Q has a universal Hilbert-Blumenthal abelian scheme A → Sh K (G * ), the O F -action induces a ring homomorphism F ֒→ End Sh K (G * ) (A) ⊗ Z Q. We denote by CMH(Sh K (G * )) the category of Chow motives over Sh K (G * ) [DM91] . Since the decomposition of the Chow motive h(A/Sh
Theorem 3.1), there is an isomorphism of Q-vector spaces ([Kin98] Proposition 2.2.1)
One denotes by e τ ∈ End CHM(Sh K (G * )) (h 1 (A/Sh K (G * ))) ⊗ Z E, τ ∈ I F , the idempotents coming
following the conventions of ([Kin98] p.72) for the symmetric products. The motive V k is a direct factor of h(A k−2g /Sh K (G * )), where A k−2g denotes the (|k| − 2g)-fold fiber product of A over Sh K (G * ), thus it corresponds to an idempotent e k ∈ CH
Corollary 3.9) Suppose k > 2t F and let U k−2g be any smooth compactification of A k−2g , then the graded part of weight zero with respect to the motivic weight structure on CHM eff E , Gr 0 M gm A k−2g e k , is canonically a direct factor of the Chow motive M gm (U k−2g ). Hence, it corresponds to an idempotent
Proposition 5.3. Suppose F = Q and let k > 2 be an integer. For any smooth compactification W k−2 of the (k − 2)th-fold product of the universal elliptic curve E over the modular curve Sh K (GL 2,Q ), there exists an idempotent
, ∇) with its Hodge filtration.
We claim that the proof of ([BDP13] Lemma 2.2) applies to our situation. Indeed, the main ingredient of that proof is a result of Scholl ([Sch90] Theorem 3.1.0), which can be applied to any smooth compactification W k−2 since the motive considered by Scholl is isomorphic to Gr 0 M gm (E k−2 ) e k by ([Wil09] Corollary 3.4(b)). Note that the idempotent e in ([Wil09] Definition 3.1) acts as the idempotent e k on M gm (E k−2 ) because the action of the torsion appearing in e is trivial since E k−2 → Sh K (GL 2,Q ) is an abelian scheme. 
) with its Hodge filtration. 
Generalized Hirzebruch-Zagier cycles
Let L/Q be a real quadratic extension and denote by ξ :
be an elliptic eigenform for the good Hecke operators, such that k − 2w = m, and we denote by f the newform corrsponding to the system of eigenvalues. We suppose that the weights of g and f are balanced, which implies the equality 2n = m. We consider E/Q a finite Galois extension containing the Fourier coefficients of g and f.
We want to realize these modular forms in the de Rham cohomology of some proper and smooth variety. The pullback ξ * g lives in S * ℓ,x (M, L; E), which by Proposition 2 is isomorphic to S * ℓ,ℓ−t L (M, L; E). Thanks to Theorem 4.4 we can realize the latter space as a subgroup of the hypercohomology group H 2 (Sh
, which is simply the de Rham cohomology group H 2 dR (Sh
Instead, when ℓ > 2t L is not parallel, let U ℓ−4 be any smooth compactification of A ℓ−4 ; then, we can invoke Proposition 5.4 to establish that the differential attached to
with s 0 since the weights are balanced.
5.2.1 Definition of the cycles. We treat separately the case (ℓ, k) = (2t L , 2) and the general case (ℓ, k) > (2t L , 2) with ℓ not parallel. Set r + 1 = |ℓ|+k−4 2 and consider the closed embedding
where (P ′ 1 , . . . , P ′ 2r ) = (P 1 , . . . , P r , P 1 , . . . , P r ) and P ′ i ⊗ 1 is the point
The definition makes sense because 2r = |ℓ| − 4 + k − 2. The variety E r has dimension equal to r + 1 and we will define the null-homologous cycle by first compactifying and then by applying an appropriate correspondence. Take smooth and projective compactifications W r , U ℓ−4 , W k−2 of E r , A ℓ−4 , E k−2 respectively, the map ϕ defines a rational morphism ϕ : W r / / U ℓ−4 × E W k−2 . Using Hironaka's work on resolution of singularities ([Hir64] Chapter 0.5, Question (E)), we can assume the rational map has a representative ϕ : W r −→ U ℓ−4 × E W k−2 up to replacing the smooth and projective compatification of E r . By spreading out, there is an open of Spec(O E ) over which all our geometric objects can be defined simultaneously and retain their relevant features: we have smooth and projective models W r , U ℓ−4 , W k−2 of W r , U ℓ−4 , W k−2 respectively and the map ϕ extends to a mapφ :
When ℓ = 2t L and k = 2 we define correspondences on U 0 × W 0 as follows. We assume the number field E is large enough such that U 0/E (resp. W 0/E ) is the disjoint union of its geometrically connected components U 0/E = i U 0,i (resp. W 0/E = j W 0,j ) and we pick an Erational point a i ∈ U 0,i (resp. b j ∈ W 0,j ) for every such component. We define correspondences on
that acts on CH • (Z) by P * = pr 2, * (P · pr * 1 ); in particular, for any cycle S ∈ CH • (Z), we have
For i, j running in the set of indices of the geometrically connected components of U 0 and W 0 the correspondences (P i,j − P a i ,j − P i,b j + P a i ,b j ) are idempotents and orthogonal to each other, hence P • P = P in CH 6 (Z × E Z), i.e., P is a projector. We denote byP the correspondence on U 0 × W 0 defined over some open of Spec(O E ) obtained by spreading out P .
When (ℓ, k) > (2t L , 2) with ℓ non-parallel, we obtain a correspondence on U ℓ−4 × W k−2 by spreading out those correspondences considered in Section 5.1. Indeed, the idempotents
Definition 5.6. For all but finitely many primes p, we define the Hirzebruch-Zagier cycle of weight (2t L , 2) to be
, it suffices to show that P * H 4 dR (Z/E) = 0 since our cycle starts his life over E. After base-change to C, via the fixed complex embedding ι ∞ : Q ֒→ C, Poincaré duality tells us that it is enough to prove the projector annihilates the second singular homology, i.e., P * H 2 (Z(C)) = 0. By Kunneth formula and the fact that each connected component of U 0 (C) is simply connected, we compute that
, which we can show it is zero by the explicit definition of the projector P . Indeed, let [x] ⊗ [C] ∈ H 0 (U 0 (C)) ⊗ H 2 (W 0 (C)) be a simple tensor for x ∈ U 0 (C) a point, then for all i, j we find
, ℓ > 2t L , be a non-parallel weight and k > 2 an integer such that (ℓ, k) is a balanced triple. For all but finitely many primes p, the generalized Hirzebruch-Zagier cycle of weight (ℓ, k) is 
Proof. The class cl dR (∆ ℓ,k ) belongs to (θ ℓ , θ k ) * H 2i dR (U ℓ−4 × E℘ W k−2 ) and by Poincaré duality, it is trivial if and only if
is trivial. By Propositions 5.4 and 5.3, we have θ
. Hence, q = k − 1 forces p to be p = |ℓ| − 3 and the group
is trivial. Indeed, by ([Nek] A6.20), the cohomology group
) is identified with the intersection cohomology of the Baily-Borel compactification of Sh K (G * L ), that in turn is trivial in degree 1 by computations using Lie algebra cohomology ([Nek] Sections 5.11, 6.5, 6.6).
5.2.2
Evaluation of syntomic Abel-Jacobi. Let p be a prime splitting in L/Q, pO L = p 1 p 2 . We are interested in computing AJ p (∆ ℓ,k )(π * 1 ω ∪π * 2 η) and to relate it to some value of the twisted triple product p-adic L-function outside the range of interpolation. Letω (resp.η) be a lift of ω (resp. η) to fp-cohomology, since the Hirzebruch-Zagier cycle is null-homologous the computation is independent of the choice of lifts. We start by treating the case (ℓ, k) = (2t L , 2):
The fourth equality is justified by the vanishing H 1 fp (Spec(O E,℘ ), 0) = 0 = H 2 fp (Spec(O E,℘ ), 2), which imply that i,jP universal elliptic curve), we have a commuting diagram
where we consider the Gros-style version of fp-cohomology. We choose to work with A ℓ−4 because the pull back υ * (ω can ) ∈θ * ℓH ℓ−2
dR (A ℓ−4 ) can be directly described in terms of p-adic modular forms. Indeed, the group θ * ℓ F |ℓ|−2−s H ℓ−2 dR (A ℓ−4 ) is the same as the de Rham realization of the motive V ℓ over the rigid fiber X K , which is isomorphic to the rigid cohomology
) by the comparison theorem of Baldassarri and Chiarellotto ([BC94] Corollary 2.6).
To express the class υ * (ω can ) explicitly we need to make a judicious choice of a polynomial. From the form of the Euler factors appearing in Theorem 3.11 and the information given by Corollary 4.7 we are led to consider the polynomial P (T ) 2 for P (T ) = •,⋆∈{α,β} (1− • 1 ⋆ 2 T ). Following ([LSZ16] Proposition 4.5.5), if we set T = T 1 T 2 , we can write P (T 1 , T 2 ) = a 2 (T 1 , T 2 )P 1 (T 1 ) + b 1 (T 1 , T 2 )P 2 (T 2 ) for P i (T i ) = (1 − α i T i )(1 − β i T i ) and a 2 (T 1 , T 2 ) = α 1 β 1 α 2 β 2 (α 2 + β 2 )T 2 with b 1 > b 2 ). The polyonomial P (T 1 , T 2 ) is symmetric in the indices 1, 2, hence we can also write P (T 1 , T 2 ) = a 1 (T 1 , T 2 )P 2 (T 1 ) + b 2 (T 1 , T 2 )P 1 (T 2 ) where a 1 (T 1 , T 2 ) (resp. b 2 (T 1 , T 2 )) is obtained from a 2 (T 1 , T 2 ) (resp. b 1 (T 1 , T 2 )) by swapping all the indices. Therefore, P (T 1 , T 2 ) 2 = a 1 a 2 P 1 P 2 + a 2 P 1 b 2 P 1 + a 1 P 2 b 1 P 2 + b 1 b 2 P 1 P 2 = a 1 a 2 P 1 P 2 + (P − b 1 P 2 )b 2 P 1 + (P − b 2 P 1 )b 1 P 2 + b 1 b 2 P 1 P 2 = (a 1 a 2 − b 1 b 2 )P 1 P 2 + P (b 2 P 1 + b 1 P 2 ), where the symmetric polynomial (a 1 a 2 − b 1 b 2 )(T 1 , T 2 ) satisfies (a 1 a 2 − b 1 b 2 )(T ) = (1 − α 1 β 2 α 2 β 2 T 2 )
•,⋆∈{α,β}
The class of ωg[p i ] is zero in H 2 (S tor K,rig , j † DR 
1 +b 1 g
1 ] and h 2 = P (V (p))[b 2 g
2 + b 1 g 
Therefore, ω g = ∇(G 1 ) + ∇(G 2 ) as claimed.
It follows that there are sections G h , G h 1 , G h 2 associated with h, h 1 , h 2 respectively, that satisfy P (p −t L Fr p ) 2 ω g = ∇(G h + G h 1 + G h 2 ) since Fr p = p t L V (p) in cohomology (Lemma 4.6). The pullback by the morphism ξ gives P (p −t L Fr p ) 2 ω ξ * g = ∇(G ξ * h + G ξ * h 1 + G ξ * h 2 ) and to land in the right cohomology group we need to change the central character using the isomophism Ψ = Ψ x,ℓ−t L . Lemma 2.6 implies P (p x−ℓ Fr p ) 2 ω Ψξ * g = ∇(G Ψξ * h + G Ψξ * h 1 + G Ψξ * h 2 ).
We set G = G Ψξ * h + G Ψξ * h 1 + G Ψξ * h 2 and we let ǫ ℓ = dR (E r ) is compatible with the pull-back maps between the terms of the Leray spectral sequences for A ℓ−4 → X K → Spec Q p and E r → X K → Spec Q p . We deduce the existence of a map
since ζ is a finite morphism. We can describe the pullbackφ * 1 ǫ ℓ G explicitly as follows. Recall that r = −s + |ℓ| − 4 and we consider the subsets B 1 = {1, . . . , ℓ 1 − 2}, B 2 = {r − (ℓ 2 − 2) + 1, . . . , r} of {1, . . . r} of cardinalities ℓ 1 − 2, ℓ 2 − 2 respectively, such that B 1 ∪ B 2 = {1, . . . r}. This is possible because (ℓ, k) is a balanced triple. Set A = {1, . . . r} \ (B 1 ∩ B 2 ) whose cardinality is r − s. Then we can define a map of sheaves over the modular curve
The pullback ζ * (ǫ ℓ G) is an overconvergent section of dR (E r ) commutes and by construction the pair of classes (ν * Υ(ω can ), ν * ϕ * 2 η) belongs to the rigid cohomology groups H 1 (S tor K,rig (GL 2,Q ), DR • (F (k,k−1+s) )) × H 1 (S tor K,rig (GL 2,Q ), DR • (F (k,k−1) )).
Lemma 5.12. The pair of classes (ν * Υ(ω can ), ν * ϕ * 2 η) belongs to the subspace of rigid forms with vanishing residues at the lift of supersingular points, H 1 par (Sh tor K (GL 2,Q ), F (k,k−1+s) , ∇) × H 1 par (Sh tor K (GL 2,Q ), F (k,k−1) , ∇) .
Proof. The pair (ν * Υ(ω can ), ν * ϕ * 2 η) comes from a class of H 1 par (Sh tor K (GL 2,Q ), F (k,k−1+s) , ∇) × H 1 par (Sh tor K (GL 2,Q ), F (k,k−1) , ∇) because it has vanishing residues ([BDP13] Proposition 3.9). Indeed, by construction ϕ * 2 η ∈ H k−1 dR (W r ) (resp. Υ(ω can ) ∈ H |ℓ|−3 dR (W r )) which is pure of weight k − 1 (resp. |ℓ| − 3); hence ν * ϕ * 2 η (resp. ν * ι −1 ϕ * 1 ω can ) lives in the subspace where Fr p acts with eigenvalues of complex absolute value p (k−1)/2 (resp. p (|ℓ|−3)/2 ) while Fr p acts on the target of the residue map with eigenvalues of complex absolute value p k/2 (resp. p k/2+s = p (|ℓ|−3)/2+1 ).
Lemma 5.12 implies we can compute (27) using p-adic modular forms: Υ(ω can ), ϕ * 2 η = tr Wr (Υ(ω can ) ∪ dR ϕ * 2 η) = tr par (ν * Υ(ω can ) ∪ dR ν * ϕ * 2 η).
Lemma 5.13. Let (ω, η) ∈ H 1 par (Sh tor K (GL 2,Q ), F (k,k−1+s) , ∇) × H 1 par (Sh tor K (GL 2,Q ), F (k,k−1) , ∇) be a pair such that Fr p η = αη for α a p-adic unit, then ω, η = e n.o. ω, η .
